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A solvable three-dimensional model is developed for band-structure calculations in valence crystals. The
local atomic potential at each lattice site is replaced by a simpler potential operator which in isolation gives
a finite number of bound states. Furthermore, an algorithm is presented for constructing this operator such
that the bound-state wave functions and energies exactly match those of any given local atomic potential.
A sample calculation is carried out for a “Gaussian atom” set in a fcc lattice where the two parameters, range
and strength, have been chosen to fit the atomic radius and the first ionization potential of a Ge atom.

INTRODUCTION

N our studies of localized levels and propagation in

disordered lattices we have found the following

lattice model useful: The atomic potential at each site
1 is replaced by a nonlocal potential operator

V()= —o(x—1) / B o —Dy(x), (1)

or, in other words, by a projective operator. It affords
a simple, solvable three-dimensional model for the
Bloch functions and the crystalline dispersion. It is the
natural extension of the 6 function or Kronig-Penny
lattice of one dimension! which in three dimensions fails
to scatter waves or bind them with a finite energy.
Furthermore, its simplicity enables one to separate
those topological features of the dispersion character-
istic of the lattice geometry from those which manifest
the peculiarities of individual potentials.

Mathematically speaking, the potential operator of
Eq. (1) is a projective operator, in the sense that it
maps all function space ¥ (x) into the one-dimensional
space v(x—I). As such it is the simplest possible
Hermitian operator, in contrast to a local potential,
whose vector-space properties are more involved.

Moreover, the potential (1) may be generalized to a
form which in isolation yields the first #» bound-state
wave functions of a given local potential (and the first
n energy eigenvalues) exacily, and which in a lattice
still leads to an exactly solvable Schrodinger equation.
This forms the basis of a systematic approximation to
band structure calculations. There is no theoretical
limit to the numerical precision with which physical
results may be obtained.

*The research reported in this document was made possible
through support extended Cruft Laboratory, Harvard University,
jointly by the U. S. Navy Department (Office of Naval Research),
the Signal Corps of the U. S. Army, and the U. S. Air Force, under
ONR Contract Nonr-1866(16).

! For example, see G. H. Wannier, Elements of Solid State
Theory (Cambridge University Press, New York, 1959), Chap. V.

A discussion of such a model is the purpose of this
paper. Results are derived for both a primitive lattice
and one with basis.

GENERAL THEORY

In more detail then, we are investigating the
Schrédinger equation, (%%/2m=1)

—Vzg&(x)—zl: v(x—l)/dsx’ (X =Dy x)=8& (). (2)

The sum extends over all lattice sites, . We begin with
the analysis for a single atom.

A. The Single ‘“Atom”
Specializing (1) to a single site, we have
— VA (x)—v(x) / d v WE)=&(x). ()
Fourier transforming gives

20(a)—(a) 25 / B¢ @)= 85,

where Parseval’s theorem has been applied to the second
term. The Fourier transform of a function, f(x), has
been denoted by f(q). Solving for {(q), we find

U (Q)=Co(q)/(g*— 8), €Y

where

C=(2n)"3 / d*q’ 7 (q')¥(q’), a const.

Consistency requires [by multiplying both sides of (4)
by 9*(q) and integrating],

1= () /«zs' Ll —=6(6). ®)

This relation determines the bound-state energy &.
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FiGc. 1. Free-atom
dispersion function,
¢, versus energy, &.

A few simple consequences of (5) show the general
features of the system.
(1) The bound state clearly disappears when

pO<1 or (2n) / @5/ 5()]<1

since the dispersion function, ¢(8), decreases mono-
tonically as — & increases (cf., Fig. 1). This sets a mini-
mum value on the strength of a potential that will
maintain a bound state.

(2) 9(q) must drop off sufficiently fast in order that
¢ (8) exist for §<0. E.g., if »(x) is spherically symmetric,
the integral fails to converge unless |7|2 goes to zero
faster than 1/¢. This precludes the three-dimensional §
function potential.

In general, an analytic expression for ¢(8) is not
available but asymptotic values are readily derived.
The asymptotic behavior of ¢(8) as § —w is

1 1
~————— | 330 |5(q)]2
MO~ / 7 15@],

provided that the integral converge. This is a stronger
condition than implied above, but we restrict our models
to these. Also we find for § — 0,

6(E)~e(0)— (1/4r) ()2 [9(0)|?,

which follows from the scaling properties of the integral.

There are two observations to make: First, in the
strong-coupling limit, the ground-state energy, &, ap-
proaches the limit,

1
8~—;ﬁqq<\v<q>1 ).

(The bracket indicates an average over 4w sr.) And
second, ¢(8) has a branch singularity at the origin of
the complex & plane.

Finally, a generalization of the potential (1) may be
used to imitate a local potential to any desired accuracy.
If the Schrodinger equation

— Vz‘//.u (X) +V (X)’nbﬂ (X) = gu‘ku (X)

B. W. KNIGHT AND G. A. PETERSON

has #-specified solutions (u=1, ---, #), the same =
eigenfunctions and eigenvalues will be the #z-bound
solutions to the equation

—V2¢(X)+Z;. any(X) / @' n* (X W () =84 (x), (6)

where v,(x) =V (x)¢,(x), and @, is the matrix reciprocal
to

Vaue / 05 () V (R W () )

in the sense that
Z)\ av)\V)\u= 6;';1, .

The proof is immediate, by substitution. The potential
(1) is evidently the simplest case, where z=1.

For example, let us consider a theory with only p
waves. The appropriate wave equation is

V-5 1 (%) / ' v (W () = 84(x); (8)

here v;(x)= f(|x])x;; =1, 2, 3and f(|x|) is a spheric-
ally symmetric function. Solving by the techniques al-
ready discussed we find,

~ 1
Y(@)=——2 77 (q)Cy
=& 7 ;
where
Ci=——0 | &¢ 5*(W W (@),
Fi (2m) f
and, therefore,
Ci=2 M;;:(8)Cj (%9a)
where
1 7*(q)7; (q)
M (8)= / &g . b
(2m)? &

By symmetry, only the diagonal terms of this 3X3
matrix are nonzero, and they are all identical; i.e.,

1
My (8)=
& (2#)3/
=0,

. |7;(q)|?
diq ;
¢—&

N

y J=17

Vil

so that this p-wave potential puts in three degenerate
states. Of course the nonlocal potential could be gener-
alized and constructed from a combination of s and p
in which case one state splits off from the other three,
and so on.
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B. Lattices
Primitive Lattice

Here we have specifically chosen atoms with a single
bound state. The equation of concern is

—V%&(x)—? v(x—-l)/d%’ p(x' =Dy x)= & (x). (10)

We are looking for solutions of the Bloch form,

Vi (x)=exp(ik-x)Y_ Cy exp(ib-x), (11)
b
where k lies in the first Brillouin zone and the b are
the vectors of the reciprocal lattice.
Substituting this form of the wave function into (1)
and looking at the (k-b)th Fourier component of the
equation, one finds,

1
{(k+b)*— 8}Co—— 3 ¥ exp[i(k+b')-1]
NQ 1 v

Xﬁ(k+b’)Cb»/d3x v(x—1) exp[—<(k+b)-x]=0.

Here Q is the volume of the unit cell and N is the
number in the crystal such that NQ is the volume.
Now the last term can be simplified and is

7(—k—b)
=————3 3 exp[¢(b’—b) - 1Jo(k+Db")Cy
NQ v 1

7(—k—b)
=—— 2. 9(k+b")Cy
Q b’

since each term in the internal sum is one.
Solving for the wave function,

B 13(—k—b)D(k)

Cy(k)= , 12
v (k) o (by—3 (12)
where
Dk)=>; 9(k+b")Cy (k).
Consistency requires that
1 _ 9(—k=b)i(k+b)
1=—Y —————=3(§), (13)
@r  (ktb)—&

which is the desired dispersion relation. This along with
the analogous relation for a lattice with basis, Eq. (18),
is the central equation of this paper. Solutions of this
equation, &,, for a given k yield the energy bands &, (k).

For complex k it is important to leave numerators
in the form

9(—k—b)i(k+b).
Only for real k they are equivalent to |3(k+b)]|2
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F16. 2. Dispersion function for a primitive lattice, ¢,
versus energy, &.

Some further comments on mathematical structure
are in order. The periodic potential of Eq. (10) has the
evident property that, working on a function of the
form

exp ik x)ux(x), (ux periodic);

it will give another function of the same form. It does
not mix subspaces of ¥ (x) belonging to different k. This
means that it mixes among themselves only the
discrete set of Fourier components belonging to k-+b.
Moreover, for a given k the function the potential
yields is independent of u(x) (except for a numerical
coefficient). On each k subspace the potential is merely
a projective operator, leading to easy solvability of the
eigenvalue problem.

The solution is analogous to Eq. (5), but since now
only a discrete subset of states are involved, the former
integral is replaced by a discrete sum. The branch line
for all positive & is replaced by a set of discrete poles,
and instead of Fig. 1, we get Fig. 2 below. There is one
solution to the dispersion relation falling below the
free-particle energy for each band; hence, the band
structure of & as a function of k has been obtained.

There are three points of further interest.

(1) Additional solutions: In solving the original wave
equation we made the assumption that the potential
term was not zero, but if ¥(x) is such that

/d3x' v(x' =y (x')=0,

then the equation reduces to
— VA (x) =& (x).

For ¢ satisfying both of these relations, there are ad-
ditional free-particle eigenvalues besides the solutions
to ®(8)=1. These free particle states are orthogonal to
the potential; i.e., for a s wave potential they are not
invariant under Gy, the group of symmetry operators
leaving both the lattice and k unchanged. Therefore,
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we expect to find these “free” states along points, lines
and planes of high symmetry.
(2) The effective mass tensor: The dispersion relation
reads,
1 Zq)(g:k) ’
such that,

P
0= (—)Vk5+Vk‘I’ ’
a8
or

g aod
0= (—Vk‘b)ng—i—(—)Vkag‘l—Vka‘P ,
08 a8

but at the center of the zone, assuming nondegenerate
bands,

veé=0 H
consequently,
ViV
ViVi8=——. (14)
(60%/08)

The components of this tensor are simply proportional
to the reciprocal effective-mass components. & is, of
course, a known function of k, so that the components
may be written out explicitly, if desired.

(3) An asymptotic solution: A weak binding approxi-
mation exists within the theory. As the potential
strength — 0, each eigenvalue is found in the neighbor-
hood of a free-electron value. This follows because each
term in the sum is of the type 4/(B—§8). As 4;,— 0,
the ith term contributes only for §~ B;. If there are no
other nearby resonances then all the other terms in the
sum are approximately stationary while the behavior
of the 7¢th term dominates. Simple algebra shows that

A;
gizBi_Ai/(l—"Z > )
i#i Bj— B;

which approaches free-wave propagation as 4;— 0.

If plane waves differing by reciprocal lattice vectors
are nearly degenerate they are strongly mixed by the
potential. These terms must be treated exactly, while
the remainder of the sum is approximated as above.

Lattice with a Basts

In this case the potential term becomes,
~E slxmm) [ 0% s W), (09)
L

7=0,1, -, r.

For j0, the =i; are nonprimitive translations. Assum-
ing again wave functions of the Bloch form and looking
at the (k-+b)th Fourier component of the above expres-
sion, we find

1
_Ezﬁ(—k—wZ 2 exp[—i(b—D')- = Jo(k+b)C (k)
= &
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by the same devices used previously. Therefore, the
Schrédinger equation reads

otk ~1 7(—k—b) b
b ( )_50(—+b_)2~—~<§~§ exp(ib- =)

XZ exp(ib'- 11j)77(k+b/)cbf (k) .
bl
Defining a set of » functions,

D;(k)=2"y exp(ib’ ;)3 (k+b")Cy. (k),

the above equation implies

Di(k)=2_; ®;;:(&k)D;. (k), (16)
where the elements of the dispersion matrix are
1 _ 9(k+b)s(—k—b)
By () == ———
Qb (k+b)*— &
XBXp[ib‘ (4:1,-— '171]")] . (17)

In general, there are 3r(r—1)+41 independent matrix
elements for k real, and we note that the diagonal ele-
ments are independent of j. The secular equation deter-
mining the energy eigenvalues is

det(<I>,-,-,-6,'j,)=<I>. (18)

We have, therefore, a determinantal dispersion relation.

As an example, we chose the diamond lattice. There
are two atoms per unit cell; the nonprimitive translation
vector is t=2%a(1,1,1). For real k there are two inde-
pendent matrix elements since

D11=Pp=,
(I)1z=¢21*, k real.
Consequently,
(®—1)2— | 15| 2=0
or

1=3(8)% |912(8)] (19)

in this case. The branch going with the positive sign
refers to the bonding orbitals whereas the other refers
to the antibonding.

CALCULATION FOR A GAUSSIAN POTENTIAL

In this section we report on calculations of a nonlocal
Gaussian potential set in a fcc lattice; our intention
here is to illustrate the technique. The two free param-
eters in the potential, strength and range, will be chosen
in order to match a bound-state energy and the atomic
radius of a specific atom. Indeed, in view of the implica-
tions of Egs. (6) and (7) we could have constructed a
more detailed model with knowledge of the free-atom
Hartree-Fock potential and the corresponding wave
functions for the states of interest.

A plot of &, versus k along the [1007] symmetry axis
is presented (cf., Fig. 5).
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We begin by examining the isolated “Gaussian
atom.” In the sense of Eq. (3), the potential is

v(x)=Ne~|xI?/a0? (20)
(where A and #x are the two forementioned parameters).
Its transform is

7(q) = Mr3 /25581 Pa0®

This potential binds at most one state and the wave
function must be spherically symmetric. If 4 is an
unspecified normalization constant, then

b.

A 0 e—idzo?
¢b48.(x)=—/ qdg——sin(g|x])
Ix] Jo = ¢*— &b,

whereas the dispersion function is

T [*dg gPe it
scowal [0
2 0 qg__ 8

Assuming | §|>>1/x,?, then the major contribution
to each of these integrals comes from g¢g=1/x,. This
means that the extent of the wave function ~x, and

)\23003

(=9

)\2~<2)3/2 | gb.s.l
vy x03 ’

which relates the coupling constant and the spread of
the well to the bound-state energy and the extent of the
wave function. The “ansatz’ above is well satisfied for
the valence states of most atomic systems.

We now wish to embed these ‘“‘atoms” in a fcc
Bravais lattice. (It should be emphasized that the
crystalline descendents of the free atom scattering
states as well as the bound states are organized by the
crystal into allowed and forbidden bands.)

Equation (18), the dispersion relation for Bloch
waves, becomes

()

6(8)=

or

(21)

exp[ — 3x2(k+b)%]
(k+b)2— &

)\277' 30606

Q b

where the sum extends over the bcc lattice which is
reciprocal to the fcc. The three primitive vectors in
this reciprocal lattice are the three permutations of
2w/ (1, —1, —1); I is the length of the cube edge in
the real lattice, and therefore, the volume of the unit
cell is

Q=15

At this point in the calculation it is worthwhile
finding the characteristic dimensionless parameters of
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the problem. If lengths are measured in units of /, so that

&'=Pr§,
the dispersion relation becomes

1=>\27r3x06% 5 exp[— 1 (xo/0)2(k'+b")2] |
(k'+b)2— &

I v

Therefore, we are dealing with a two-parameter system.
These are
(i) a dimensionless coupling strength, g, where

g=Nrxet(4/1) (22)
or, in view of the result of Eq. (21),
g=|8v.s.| (/D) (2/m)*2;

and (ii) a parameter, s, where s® is the fractional filled
volume,

s=w/l. (23)
The dispersion relation, therefore, simplifies to
1 exp[ —3s2(k’+b’)%]
—= . (24)

¢ ¥ (W+b)—8

For the numerical example we have chosen, we have
s=1/(V2rm). (25)

The reason for this value is that it falls within 59, of
the nearest-neighbor hard-sphere contact distance,
V3/8, in a diamond configuration (for which this calcu-
lation is a percursor); and furthermore, this value is
numerically convenient. The value of g necessary to
give the experimental bound state energy &p.. is now

g=|8bs.|2?2%71 2. (26)

Specifying g is the last step in the calculation. Once the

right-hand side of Eq. (24) has been computed as a

function of &, the eigenvalues may be found with ease
for any coupling strength.

The reciprocal lattice sum has been evaluated

ol2f

) L

008

004r

a6 P 4 8 B [
s

F16. 3. The dispersion function for a “Gaussian atom” set in a
fcc crystal versus & (energy in units of 72/2ml?) at the I point.
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Fi1c. 4. The dispersion function for a “Gaussian atom”
versus &' at the point, k= (x/21)(1,0,0).

numerically with a slide rule; this is a simple task re-
quiring no more than an afternoon’s labor. The sum has
been plotted as a function of & for k along the A or
[100] axis. We recall that the wave vector appears
parametrically so that for five sample points in the first
Brillouin zone

K =2r(m/4)(1,00), m=0,1,2, 3 4

(i.e., the T and X along with three interior points) we
have obtained five graphs. Two representative plots,
for the I' and m=1 points, are included to illustrate
this discussion (Figs. 3 and 4). As noted before, poles
exist in the dispersion function at the free electron
energies, §= (k-+b)2. Since it has already been assumed
that | &y.s.|x®>1, only values falling between 0.0 and
0.1 are important.

Fi1G. 5. Energy bands along the A axis for Ge fitted to a “Gaus-
sian atom” and set in a fcc lattice. &’ is energy in units of #2/2mi?
and k= (mn/21)(1,0,0).

KNIGHT AND G. A. PETERSON

The exponential form of the numerators guarantees
rapid convergence of the sum. Consequently, the sum
has been truncated for reciprocal lattice sites such that

(K'+b'/27)2>5. @7

These terms have a negligible influence on the energy
of the remaining states and the modes cut off describe
nearly free electrons. For our choice of s and with k
along the A symmetry axis, there are no more than five
distinct terms in the truncated sum.

To determine the energy bands we set g=const., and
read the intersections from each graph of the lattice sum
for k fixed; and subsequently vary k. This has been

180

LIRIPRIT
140

nry
D5, I35
100

g

60

20

Iy
0]

Fic. 6. Free electron energy bands for a fcc lattice
along the A axis.

done and Fig. 5 is the result for g=0.5X10% This value
of g corresponds to a free atom ionization energy of
about 8 eV. and an atomic radius of about 1.2 A, which
is representative of Ge. For comparison a separate
graph (Fig. 6) of the free electron dispersion is included.?

Several features deserve attention.

(1) The consequences of symmetry. With v(x) chosen
spherically symmetric, the potential (1) affects only
those combinations of plane wave which are invariant
under Gx. For a general k all waves are influenced, but
along lines of symmetry some are untouched. This
means that at points I' and X and along the line A our
dispersion relation refers, respectively, to the I';, X;,
and A; irreducible representations. Modes with other
transformation properties propagate as free plane waves.
At point T, fifteen plane waves satisfy the criterion Eq.
(27), and we find three I';, one I'y,, one I'ys, two I'ys,
and one T'y/; representations among this set. Along line

2H. Jones, The Theory of Brillouin Zones and Electronic States
in Crystals (North-Holland Publishing Company, Amsterdam,
1960), Chap. III.
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®(£'K,)

o' k)

F16. 7. Dispersion
function versus en- —— 1.
ergy for a sequence )
of wave vectors con-
verging on k, a
point of free-particle
degeneracy.

\
%

10 ;-!:c)

A they split into six Ay, two Ay, one A, and three As
types. I''— A;— X bands have lower energies than the
corresponding free particle bands since the potential is
attractive.

On the other hand, if the isolated “atom’ were con-
structed out of both s and p waves, energy bands
characterized by T'is— (A5 or Ay) — (X5, X5, X3, or X4)
would appear in the dispersion relation and so on.

(2) The splitiing of degeneracies. Crossings of the
free-electron energy surfaces for general k and with A,
or A; symmetry are split by the interaction (1). For
example, such intersections occur in Fig. 6 at k=3,
m, and 2. The reason for the splitting is easily seen.
Consider a sequence of k’s converging on ko, the point

1091

of intersection. The relevant part of the dispersion
function has the behavior shown in Fig. 7. At the point
of free-particle degeneracy in the crystal, one state has
precisely the free-particle energy eigenvalue while the
other falls below. This happens because in the degener-
ate subspace it is always possible to form a linear combi-
nation of free-particle states orthogonal to the potential
(1). The resulting feature of energy extrema in the in-
terior of the Brillouin zone is an intrinsically three-
dimensional result.

SUMMARY

We have developed a simple analytic approach to

band structure calculations. The theory, with a Gaus-
sian potential, was used to build Bloch waves in a fcc
lattice.
i.. We are presently engaged in constructing a few
parameter model for valence crystals of the diamond
type. Of particular interest will be the dependence of
the band minima on lattice constant. And, finally,
analytic continuation into the forbidden band will be
used to investigate the properties of deep impurity
states.

APPENDIX: ORTHOGONALITY OF THE
WAVE FUNCTIONS, k REAL

(1) Primitive lattice:
1 3(—k—b)D(k)
o (k+b)—8,

States where ks£k’ are manifestly orthogonal. For
k=K', forming the inner product (k real), we have

P o e
Y e L e by— 8, (kb — 6]

where unessential factors have been dropped. Assuming
that the bands do not touch and expanding the denomi-
nators by partial fractions, we obtain

1
[(k+b)*— &, J[(k+b)*— &, ]

~

(/'nb

(A1)

1 1 1 }
88l (k+b)2— 8,  (k+b)*— 8,

which when substituted in the right-hand side of Eq.
(A1) yields

——{2(8)—2(8n)} =0

m n

since both &, and &,, are solutions of the equation

®(8)=1.
(2) Lattice with a basis:
1 9(—k—Db)

Cnb(k)Z Z eXp(—ib"Clj)Dj(k).

Q (k+b)*— &,
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The inner product (I.P.) between two Bloch function
(k=k') is
I.P. o« Z Cm,Cmb*
b
7(—k—b)a(k-+b)

O T by 6 by — 6,
XZ] exp[—-ﬁb- (1'1,'— 11jl)]DjD,'»* . (AZ)

B. W. KNIGHT AND G. A.

PETERSON

Again decomposing into partial fractions, we obtain

LP. 2 DiD*{®;i1 (Em)— B (En)}

[lo o —
(é»’m— &) it

which clearly vanishes, since the D; are components of
an eigenvector of the ® matrix.
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Magnetization and Electrical Resistivity of Gadolinium Single Crystals*
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Institute for Atomic Research and Department of Physics, Iowa State University, Ames, Iowa
(Received 25 June 1963)

The magnetic moment of single-crystal Gd has been measured in fields from 0 to 18 kOe along the (0001),
(1010), and (1120) directions at temperatures from 1.4 to 900°K. Small anisotropy was observed below the
Curie temperature and the easy direction of magnetization was found to be a function of temperature. The
absolute saturation magnetic moment was found to be 7.55 Bohr magnetons/atom. The saturation magneti-
zation was observed to follow the 73/2 law from 200 to 50°K with a deviation from this law observed below
50°K. A ferromagnetic Curie temperature of 293.2°K is reported. The effective Bohr magneton number in
the paramagnetic region is 7.98 and the paramagnetic Curie temperature is 317°K. Electrical resistivity
measurements were made from 4.2 to 380°K on the b-axis and c¢-axis crystals. For the b axis, the resistivity
changes slope at 293.2°K. The ¢ axis exhibits a small maximum at 292°K and a shallow minimum at 340°K.

INTRODUCTION

ADOLINIUM was the fourth ferromagnetic
element to be discovered.! Trombe? and Elliott
et al? found a Curie temperature of 289°K and an
absolute saturation magnetization of 7.12 Bohr
magnetons/atom. Henry* found a saturation magneti-
zation of 7.05 Bohr magnetons/atom at 1.3°K and
60 000G. Gaskell and Motz® report magnetic moments
at 80 000G which are about 159, higher than those for
infinite fields as extrapolated by Elliott e al.

Arajs and Colvin® reported a paramagnetic Curie
temperature of 310°K and an effective Bohr magneton
number of 8.07. They observed a small anomaly, which
could be enhanced by small additions of Mo and Ta,

at about 750°K.
Belov ef al.” found a peak in the magnetic moment

* Contribution No. 1322. Work was performed in the Ames
Laboratory of the U. S. Atomic Energy Commission.

1 @G, Urbain, P. Weiss, and F. Trombe, Compt. Rend. 200, 2132

1935).
( 2 F. Trombe, Ann. Phys. (N. Y.) 7, 383 (1937).

37, F. Elliott, S. Legvold, and F. H. Spedding, Phys. Rev. 91,
28 (1953).

4W. E. Henry, J. Appl. Phys. 29, 524 (1958).

5 C. S. Gaskell and H. Motz, in High Magnetic Fields (Tech-
nology Press, Cambridge, Massachusetts, 1962; and John Wiley &
Sons,iInc., New York, 1962), p. 561f.

6 S, Arajs and R. V. Colvin, J. Appl. Phys. 32, 336S (1961).

7K. P. Belov, R. Z. Levitin, S. A. Nikitin, and A. V. Ped’ko,
Zh. Eksperim, i Teor. Fiz. 4, 1562 (1961) [translation: Soviet
Phys.—JETP 13, 1096 (1961)]; K. P. Belov and A. V. Ped’ko,
ibid. 42, 87 (1961) [translation: ¢bid. 15, 62 (1962)].

at 210°K in magnetic fields of less than 1.12 Oe from
measurements on a toroidal sample. The isofields below
112 Oe also showed anomalous behavior at low tem-
peratures. In addition, they reported small kinks in the
magnetization curves above 210°K. Their conclusion
was that a spiral spin structure exists in Gd between
210 and 290°K.

More recently, the magnetocrystalline anisotropy of
Gd has been measured by Graham?® and by Corner
et al.® They both found that above 240 to 245°K the
¢ axis is the easy direction of magnetization. Graham
reports an easy cone of magnetization between 225 and
245°K, and below about 165°K. Between 165 and 225°K
he found that the easy direction of magnetization is in
the basal plane. Corner ef al. report an easy cone of
magnetization from 240 to 37.5°K, the lowest tempera-
ture used. Corner found that the easy direction reaches
a maximum angle of 70° with respect to the ¢ axis at
220°K. In addition, Graham observed that low field
magnetization curves were in qualitative agreement
with those calculated from the anisotropy constants.

The temperature dependence of the lattice param-
eters of single crystal Gd has been measured recently
by Darnell.' He reports a Curie temperature of 298°K.

8 C. D. Graham, Jr., J. Phys. Soc. Japan 17, 1310 (1962); C. D.
Graham, Jr., J. Appl. Phys. 34, 1341 (1963).

*W. D. Corner, W. C. Roe, and K. N. R. Taylor, Proc. Phys.
Soc. (LLondon) 80, 927 (1962).

0 F. J. Darnell, Phys. Rev. 130, 1825 (1963).



